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Abstract. The onset of thermal convection in a horizontal layer of a colloidal suspension is investigated in
terms of a continuum model for binary-fluid mixtures where the viscosity depends on the local concentration
of colloidal particles. With an increasing difference between the viscosity at the warmer and the colder
boundary the threshold of convection is reduced in the range of positive values of the separation ratio ψ
with the onset of stationary convection as well as in the range of negative values of ψ with an oscillatory
Hopf bifurcation. Additionally the convection rolls are shifted downwards with respect to the center of the
horizontal layer for stationary convection (ψ > 0) and upwards for the Hopf bifurcation (ψ < 0).

1 Introduction

Rayleigh-Bénard convection [1,2] is a prominent model
for many processes in geoscience, atmospheric dynamics,
and convection in technical applications [3–5]. Moreover
it is a classical lab experiment for studying generic phe-
nomena in nonlinear dynamics and pattern formation [5,
6]. Typically the Oberbeck-Boussinesq (OB) approxima-
tion is used for modeling thermal convection [7–10]. In
this approximation constant material parameters indepen-
dent of the thermodynamic variables are assumed, ex-
cept for a temperature-dependent density in front of the
gravitational force, which is the essential driving force of
convection.

An extension beyond the Boussinesq approximation
is accounting for temperature-dependent viscosity which
is used, for instance, for modeling various phenomena
in the Earth’s mantle [11–20]. A spatially varying vis-
cosity causes additional nonlinear couplings between the
temperature and the velocity field and breaks the up-down
symmetry of the flow field with respect to the center of the
fluid layer. Often this symmetry breaking favors hexago-
nal patterns near the onset of convection. A linear or sinu-
soidal temperature dependence of the viscosity causes a re-
duction of the threshold compared to the case of constant
viscosity [11,12,16]. For an exponential temperature de-
pendence of the viscosity one can either have an enhance-
ment or a reduction of the onset of convection, depending
on the viscosity contrast, which measures the ratio of the
viscosity at the boundaries [15]. Strongly varying material
properties in the Earth’s mantle are a major motivation
for using a temperature-dependent viscosity in models of
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thermal convection in single component fluids [18–22]. Ma-
terials in the interior of the Earth are however mixtures
of several substances. The dependence of the viscosity on
the concentration of one component of the mixture and its
influence on the onset of convection is one possible effect
to be investigated.

An interesting variant of the classical Rayleigh-Bénard
system represents thermal convection in binary-fluid mix-
tures [7]. Here the concentration field of one of the two
constituents enters the basic equations as an additional
dynamic quantity. Given the possibility of an oscillatory
onset of convection, this enriches the bifurcation scenario
considerably and, accordingly, the system has attracted
wide attention by several reasons in the recent decades,
including Non-Oberbeck-Boussinesq effects [6,23–27]. In
binary-fluid mixtures temperature gradients cause, via the
Soret effect, concentration gradients and the concentration
field couples via the buoyancy term into the Navier-Stokes
equations for the velocity field. In binary-fluid mixtures
(e.g., alcohol in water) concentration diffusion is roughly a
factor of hundred slower than thermal diffusion. For finite
amplitudes of the velocity field, this leads to concentration
variations in a narrow boundary layer.

In recent experiments Rayleigh-Bénard convection was
investigated in colloidal suspensions [28–30] with a spe-
cial focus on Soret driven convection [28,29] and bistable
heat transfer, involving new effects like, e.g., sedimen-
tation [30]. In theoretical studies of convection in col-
loidal suspensions the model for binary-fluid convection
is commonly used considering the colloidal nanoparti-
cles as the second fluid constituent [31]. Since nanoparti-
cles are much larger than, for instance, alcohol molecules
in water, their mass diffusion is more than two orders
of magnitude smaller. Accordingly, the Lewis number of



2 The European Physical Journal E

suspensions reaches considerably smaller values, typically
in the range of 10−4 [32]. The Soret coefficient, represent-
ing the strength of the Soret effect, grows linearly with the
particle’s size [32,33] and can therefore be changed into a
wide range by varying mass density and size.

It is well known that the viscosity of a suspension rises
with increasing concentration of the solute particles [8,34,
35]. The concentration of colloidal particles is sensitive to
temperature gradients via the Soret effect. Hence varia-
tions of the temperature cause spatial variations of the
particle concentration. This leads to a spatially varying
viscosity which is a function of the local concentration
of the colloidal particles. The temperature dependence
of the solvent’s viscosity is neglected. The goal of this
work is the analysis of the onset of convection in a col-
loidal suspension in terms of a model for binary-fluid mix-
tures with a special emphasis on the effects of a particle-
concentration–dependent viscosity. In sect. 2 we briefly
introduce the underlying equations of motion and the re-
lation between viscosity and particle concentration. The
linear stability analysis of the linear heat conducting state
and the phase diagrams for the onset of convection are
presented in sect. 3. Our results are discussed and sum-
marized in sect. 4.

2 Model

Thermal convection in a horizontal layer of colloidal sus-
pensions is described by the common mean-field approach
for binary-fluid mixtures [7,24–27,36] with one extension:
We take into account a linear dependence of the viscosity
on the local concentration of colloidal particles.

Assuming that the mass density of the colloidal par-
ticles ρc is similar to the mass density of the solvent ρs,
i.e.,

ε =
ρc

ρs
� 1 , (1)

the difference between ρs and the mean density of the
suspension ρ0 is small and therefore sedimentation effects
are negligible. In our case a spatially varying mass fraction
of the colloidal particles N(r, t) causes a spatially varying
viscosity similar to Einstein’s law [8]

η = η0

(
1 + ε

5
2

(N − N0)
)

. (2)

Effects of higher order in N(r, t) are neglected [35,37].
Here N0 represents the mean mass fraction of the col-
loidal particles and η0 describes the mean viscosity of the
suspension.

The common set of basic transport equations for in-
compressible binary-fluid mixtures, cf. refs. [7,24–27], in-
volves the density of the mixture ρ(r, t), the fluid velocity
v(r, t), the temperature field T (r, t), the mass fraction of

the particles N(r, t), and the pressure field p(r, t):

∇ · v = 0 , (3a)

(∂t + v · ∇)T = χ∇2T , (3b)

(∂t + v · ∇)N = D

[
∇2N +

kT

T0
∇2T

]
, (3c)

(∂t + v · ∇)v = − 1
ρ0

∇p + ∇ · (ν∇)v +
ρ

ρ0
g . (3d)

Equation (3a) describes the incompressibility of the fluid.
χ in the heat equation (3b) denotes the thermal diffusivity
of the mixture and D in the diffusion equation (3c) the
diffusion constant. Due to the size of the colloidal particles
D takes much smaller values than in molecular fluid mix-
tures. The dimensionless thermal-diffusion ratio kT repre-
senting the cross-coupling between the temperature gradi-
ent and the particle flux is related to the Soret coefficient
ST via kT = N(1 − N)TST and can be either positive
or negative. In the following kT � N0(1 − N0)T0ST is re-
garded as constant. In our model the kinematic viscosity
ν = η/ρ0 in the Navier-Stokes-equations (3d) is a func-
tion of space, as introduced by eq. (2). The gravity field
g = −gez is chosen parallel to the z-direction.

For the local density ρ of the suspension we use a lin-
earized equation of state [7,10],

ρ = ρ0 [1 − α(T − T0) + β(N − N0)] , (4)

with the thermal expansion coefficient α = −(1/ρ0)∂ρ/∂T
and β = (1/ρ0)∂ρ/∂N reflecting the density contrast be-
tween the solvent and the suspended particles. According
to the Boussinesq approximation, this dependence of the
density is taken into account only within the buoyancy
term. The sign of β indicates whether the colloidal parti-
cles have a higher or a lower mass density than the solvent.
Here we assume β > 0, corresponding to ε > 1.

Boundary conditions. The fluid layer is confined be-
tween two impermeable and parallel plates at a distance d,
and extends infinitely in the (x, y)-plane. The lower plate
(z = −d/2) is kept at a higher temperature T0 +δT/2, the
upper plate (z = +d/2) at a lower temperature T0−δT/2.

Considering realistic no-slip boundary conditions for
the flow field the boundary conditions at z = ±d/2 are

0 = vx = vy = vz = ∂zvz , (5a)

0 = ∂zN +
kT

T0
∂zT, (5b)

T = T0 ∓
δT

2
. (5c)

For geophysical applications free-slip boundary condi-
tions,

0 = ∂zvx = ∂zvy = vz = ∂2
zvz , (6)

for the flow field are often considered to be more real-
istic [21]. In the case of constant viscosity and free-slip
boundary conditions an analytical determination of the
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onset of convection is possible [25]. This advantage is lost
when introducing a concentration-dependent viscosity and
one has to rely on numerical methods.

Basic state. In the absence of convection (v = 0) the
time-independent heat-conducting state is described by

Tcond = T0 − δT
z

d
, (7a)

Ncond = N0 − δN
z

d
, with δN = −kT

T0
δT . (7b)

For further analysis it is convenient to separate the ba-
sic heat-conducting state in eq. (7) from convective con-
tributions of the temperature and concentration fields
as follows: T (r, t) = Tcond(z) + T1(r, t) and N(r, t) =
Ncond(z) + N1(r, t).

Since we have rotational symmetry in the fluid layer,
we can restrict our further analysis concerning the onset
of convection to two spatial dimensions, namely to the
(x, z)-plane. With this simplification the fluid velocity can
be expressed by a stream function Φ(x, z, t)

ṽz = ∂xΦ , ṽx = −∂zΦ . (8)

Subsequently all lengths are scaled by the distance d and
time by the vertical thermal diffusion time d2/χ. Scaling
the temperature field T by (χν0)/(αgd3), the concentra-
tion field N by −(kT χν0)/(T0αgd3) and the stream func-
tion Φ by χd, we are left with five dimensionless parame-
ters: The Rayleigh number R, the Prandtl number P , the
Lewis number L, and the separation ratio ψ,

P =
ν0

χ
, L =

D

χ
, R =

αgd3

χν0
δT, ψ =

βkT

αT0
, (9)

are well known from molecular binary-fluid mixtures [26,
27]. The fifth dimensionless quantity

Q = ε
5
2

ν0χ

gβd3
(10)

is introduced to characterize the spatially varying contri-
bution to the viscosity of the suspension. For small par-
ticles in water a reasonable value is Q � 0.01 and for
glycerin Q � 10. A further illustration of its physical
meaning is obtained by considering the viscosity contrast
η̃ = η(z = + 1

2 )/η(z = −1
2 ) between the concentration-

dependent viscosity at the upper and the lower boundary,

η̃ =
1 + 5ε

4T0
kT δT

1 − 5ε
4T0

kT δT
=

1 + 1
2 R ψ Q

1 − 1
2 R ψ Q

, (11)

which is essentially a function of the product of the three
dimensionless control parameters: R ψ Q. In the following
we will discuss our results essentially in dependence on ψ
and Q, whereas P and L are regarded as constants.

For further analysis we introduce a rescaled tempera-
ture deviation θ = (R/δT )T1 and a rescaled concentra-
tion deviation Ñ1 = −(T0R/kT δT )N1 in terms of these
dimensionless quantities. In addition, it is advantageous

to introduce the combined function c̃ = Ñ1 − θ instead
of Ñ1.

Suppressing for reasons of simplicity all the tildes, we
obtain

(∂t − Δ)θ − R∂xΦ = (∂zΦ∂x − ∂xΦ∂z)θ , (12a)

(∂t − LΔ)c + Δθ = (∂zΦ∂x − ∂xΦ∂z)c , (12b)

(∂t − PΔ)ΔΦ − Pψ∂xc − P (1 + ψ)∂xθ

− ψPQR [zΔ + 2∂z] ΔΦ = (∂zΦ∂x − ∂xΦ∂z)ΔΦ

− ψ PQ [∂2
x(c + θ)∂2

xΦ + 2∂x∂z(c + θ)∂x∂zΦ

+ ∂2
z (c + θ)∂2

zΦ] . (12c)

No-slip, impermeable boundary conditions for the
fields θ, c, and Φ demand

θ = ∂zc = Φ = ∂zΦ = 0 at z = ±1
2

, (13)

while free-slip, permeable boundary conditions [25,36,38]

θ = c = Φ = ∂2
zΦ = 0 at z = ±1

2
. (14)

All results presented in this work base upon calculations
with no-slip, impermeable boundary conditions. However,
free-slip, permeable boundary conditions lead to qualita-
tively comparable behavior.

3 Linear stability of the heat conducting state
and the onset of convection

The critical values of the control parameters at the onset
of convection are determined by investigating the growth
dynamics of small perturbations θ(x, z, t), c(x, z, t), and
φ(x, z, t) with respect to the heat conducting state given
by eqs. (7). The dynamics of such small perturbations
is governed by the linear parts of the coupled nonlinear
equations (12). They are solved by the following expo-
nential ansatz with respect to time t and the horizontal
x-direction: ⎛

⎝ θ(x, z, t)
c(x, z, t)
φ(x, z, t)

⎞
⎠ = u0(z) eiqxeσt , (15)

with

u0(z) =

⎛
⎝ θ̄(z)

c̄(z)
φ̄(z)/(iq)

⎞
⎠ . (16)

With this ansatz and the eigenvalue σ, the linear parts
of eqs. (12) are transformed into a boundary eigenvalue
problem with respect to z. The remaining linear ordinary
differential equations (ODEs) are solved in this work by
two different methods.

The first one is a standard shooting method as de-
scribed in detail for binary-fluid convection in ref. [27]:
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The resulting coupled ODEs for u0(z) are integrated by
a standard solver for ODEs. For every set of initial condi-
tions a boundary determinant f(σ,R, q,Q, P, L, ψ) is cal-
culated. During an iteration procedure R or σ are varied
such that f vanishes. This yields σ and R as a function of
the remaining parameters.

The second possibility is the so-called Galerkin method
where the components of u0(z) are expanded with re-
spect to a suitable chosen set of functions which fulfill
the boundary conditions, either eq. (13) or eq. (14) —see,
e.g., ref. [39–41]. Here the linear ODEs are transformed
into a generalized algebraic eigenvalue problem which can
be solved numerically.

At the onset of convection small perturbations θ, c,
and φ with respect to the linear ground state neither grow
nor decay, i.e. we are interested in the neutral stability
condition for the fastest growing mode (eigenvalue σ with
the largest real part),

Re(σ) = 0, with σ = σ(R, q,Q, P, L, ψ), (17)

for the determination of the threshold. Depending on
parameters, the system may show a stationary bifurca-
tion with a vanishing imaginary part of the eigenvalue,
Im(σ) = ω = 0, or a Hopf bifurcation with a finite Hopf
frequency Im(σ) = ±ω �= 0.

For a given set of material parameters the neutral sta-
bility condition (17) provides the Rayleigh number R0(q)
as a function of q, the so-called neutral curve

R0(q) = R0(q,Q, P, L, ψ) . (18)

Similarly we obtain from eq. (17) ω0 = ω0(q,Q, P, L, ψ) in
the case of a Hopf bifurcation.

In this work we choose a Prandtl number of P = 10.
Since the mass diffusion of the colloidal particles is much
lower than the thermal diffusion, a Lewis number of L =
10−4 is a reasonable assumption. For small particles in
water Q � 0.01 and in glycerin Q � 10 are appropriate
values. As the main changes for finite values of Q occur
if ψ is comparable to L, we concentrate on rather small
values of ψ.

Neutral curves for the present system are given in fig. 1
for two different positive values of the separation ratio ψ,
namely for ψ = 10−4 and ψ = 10−2, and for three different
values of the viscosity parameter Q = 0, 5, 10. The onset of
convection is given by the minimum of the neutral curves
Rc = R0(qc) = min R0(q) which can be compared with
its corresponding value in the case of a simple Newtonian
fluid, RNF

c � 1708, and molecular binary mixtures [27].
The reduction of the threshold in the range of ψ > 0 is

well known from molecular binary fluids [25,27] and the
reason is as follows. Due to thermal expansion a fluid layer
heated from below becomes lighter at the lower bound-
ary and there is a temperature-induced density gradient.
According to a positive Soret effect (ψ > 0) the col-
loidal particles tend to move to the upper plate which
is colder. As the colloids are heavier than the molecules of
the solvent the Soret-induced concentration gradient am-
plifies the temperature-induced density gradient. Hence

���

���

���

���

��� ��� ��� ��	 q

R0

(a) ψ = 10−4

���

���

���

���� ���	 ��	� ���	 q

R0

(b) ψ = 10−2

Fig. 1. Neutral curves R0(q) obtained according to eq. (17)
are shown for different values of the viscosity parameter, Q = 0
(solid line), Q = 5 (dashed line) and Q = 10 (dotted line). In
part (a) for the positive separation ratio ψ = 10−4 and in (b)
for ψ = 10−2.

the fluid layer becomes unstable already at temperature
differences much lower than for the onset of convection in
a simple fluid.

For positive values of ψ, shown in fig. 1, the bifurcation
from the heat conducting state is stationary. While the
minimum of the neutral curve is located at a finite wave
number qc > 0, for values of ψ that are small compared
to L (cf. fig. 1(a)), the critical wave number moves to
qc = 0 for larger values of ψ (cf. fig. 1(b)). Finite values
of Q lead to a lowering of the neutral curves whereby the
critical wave number is nearly unaffected. The differences
between the critical wave numbers qc at the minimum of
the neutral curves in fig. 1(a) is less than 0.1%.

Figure 2 shows the threshold reduction as a function of
Q for three different positive values of ψ. Here we plot the
critical Rayleigh number Rc(Q) normalized by the critical
Rayleigh number Rc(Q = 0) which we call the relative
critical Rayleigh number

Rc,rel(Q) =
Rc(Q)

Rc(Q = 0)
. (19)

The reduction of Rc,rel(Q) as a function of Q shows a
parabola-like behavior as shown in fig. 2, which is accom-
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����

����

����

����

� � � 	 � Q

Rc, rel

ψ = 10−5 < L

ψ = 10−4 = L

ψ = 10−2 > L

Fig. 2. The relative critical Rayleigh number Rc,rel =
Rc(Q)/Rc(Q = 0) is shown as a function of Q for three differ-
ent values of the separation ratio ψ: for ψ = 10−5 < L (solid)
one has qc = 2.97, for ψ = 10−4 = L (dashed) qc = 2.10 and
for ψ = 10−2 > L (dotted) qc = 0.00.

���

���

���

� � � � �
Q

η̃

(a) ψ = 10−4

���

���

���

� � � �
Q

η̃−1

(b) ψ = −10−4

Fig. 3. In part (a) the viscosity contrast η̃, given by eq. (11),
is plotted for ψ = 10−4 and in part (b) the inverse expression
η̃−1 is plotted for ψ = −10−4. In both cases the Rayleigh
number R entering eq. (11) was taken at the respective onset
of convection.

panied by a tiny variation of the critical wave number qc

along each curve.
For finite values of ψ the ground state displays a vis-

cosity contrast η̃ �= 0 as described by eq. (11). Figure 3
shows η̃(Q) as a function of Q for two different values of ψ
at the onset of convection R = Rc. The Q-range in fig. 3
was limited to the range |RQψ| ≤ 1/4 where kT = const
is a reasonable assumption.

Another interesting question is how the threshold re-
duction behaves as a function of the viscosity contrast
η̃. Within our model the viscosity depends linearly on
the concentration, according to eq. (2). Since the con-
centration, via eq. (7b), is a linear function of the tem-
perature, the viscosity is effectively a linear function of
the temperature too. For a given viscosity contrast the
threshold reduction of stationary convection (ψ > 0) is
similar to that in a previous study of a single-component
fluid with a direct linear temperature dependence of the
viscosity [16]. However, there are important differences be-
tween this single-component study and the present model:
Here the viscosity contrast is caused by a well-known phys-
ical mechanism, the Soret effect. The viscosity contrast

����

����

����

� ������ ������ ������ −ψQ

Rc, rel

ψ = −10−4

ψ = −10−2

Fig. 4. The relative critical Rayleigh number Rc,rel =
Rc(Q)/Rc(Q = 0) is shown as a function of the product −ψQ
for two different values of the separation ratio ψ: for ψ = −10−4

(solid) and for ψ = −10−2 (dashed). The critical wave number
along both curves takes the value qc � 3.116.

is accompanied by heterogeneous distributions of the col-
loidal particles, which can be of relevance in the context of
related convection phenomena in geoscience. For a single-
component fluid in ref. [16] one has only a stationary onset
of convection. In contrast the concentration field for the
colloidal particles represents an additional degree of free-
dom which, in the range of ψ < 0, similar as in molecular
binary-fluid mixtures [25,27], leads to an oscillatory onset
of convection via a Hopf bifurcation.

Therefore a further interesting question arises: How
does a finite viscosity contrast affect an oscillatory bifur-
cation? We find in the range of ψ < 0, as in the range
of ψ > 0, a lowering of the neutral curve with increasing
values of Q. The critical wave number qc, as well as the
Hopf frequency ωc, show only small and negligible changes
when varying Q. The Q dependence of the relative criti-
cal Rayleigh number Rc,rel(Q) is slightly different from its
behavior in the positive range of ψ. For ψ > 0 the criti-
cal Rayleigh number Rc(ψ) decays strongly as a function
of ψ, whereas the threshold increases only moderately for
decreasing ψ in the range ψ < 0 [25,27]. Therefore, the vis-
cosity contrast at threshold given by eq. (11) is for ψ < 0
essentially a function of the product ψQ.

The relative threshold Rc,rel(Qψ) is shown in fig. 4 as
a function of the product −Qψ for two different values of
ψ < 0. The two curves are nearly identical as expected.
Therefore, the changes of the threshold of the oscillatory
convection are again essentially determined by the viscos-
ity contrast η̃ given by eq. (11) in the restricted range
|RψQ| ≤ 1/4.

Another view on the parameter dependence of the
threshold is given in fig. 5, where the relative critical
Rayleigh number Rc,rel(ψ) is shown as a function of the
separation ratio ψ for three different values of the vis-
cosity parameter Q = 3.0, 5.0, and 10.0. In the limit of
a vanishing separation ratio ψ the particle concentration
and therefore the viscosity contrast η̃ does not change by
varying Q, so we have Rc,rel � 1. For increasing values
of ψ the threshold drops down and finally reaches a con-
stant value, depending on Q. The strongest decay can be
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����

����

����

����

����

��	�� ��	�
 ��	�� ��	�� ψ

Rc, rel

Q = 3.0

Q = 5.0

Q = 10.0

(a) Rc,rel(ψ, Q)

����

����

����

����

����� ����	 ����
 �����
ψ

qc

(b) qc(ψ)

Fig. 5. Part (a) shows the relative critical Rayleigh number
Rc,rel(ψ, Q) = Rc(ψ, Q)/Rc(ψ, Q = 0) as a function of the
separation ratio ψ for three different values of Q: Q = 3.0
(solid), Q = 5.0 (dashed), and Q = 10.0 (dotted). Part (b)
shows the corresponding critical wave number qc(ψ).

observed in the region ψ � L accompanied by the critical
wave number qc going down. qc finally vanishes at nearly
the same value of ψ � 4 × 10−4 independently of Q as
shown by fig. 5(b).

For ψ > 0 an increasing viscosity contrast leads to a
decrease of the velocity field at the upper boundary as the
fluid motion tends to concentrate in the region of lower
viscosity at the lower boundary. Therefore the center of
the convection rolls at z0 is slightly shifted below the cen-
ter of the convection cell at z = 0 as shown in fig. 6(a)
for ψ = 10−4. This shift z0 is more clearly indicated in
fig. 6(b), which shows the horizontal component of the
convection velocity, vx(z), as a function of z. The shift z0

to negative values increases with increasing values of Q as
shown in fig. 6(c). This behavior is common for all positive
values of ψ with a finite value of the critical wave number
qc. For ψ < 0, in the range of an oscillatory Hopf bifur-
cation, the viscosity is higher at the lower boundary and
therefore the magnitude of the velocity is reduced near the
lower plate. Accordingly, the center of the convection rolls,
z0, is elevated with increasing values of ψQ to z0 > 0. Our
analysis shows that the shift |z0| depends essentially on
the viscosity contrast η̃.

Assuming free-slip boundary conditions (14) instead of
no-slip boundary conditions (13), we obtain very similar
results. For finite values of Q the threshold is reduced
compared to its value at Q = 0 and the center of the rolls
is shifted to the region of lower viscosity.

�����

�����

����

����

���� ���� ���� ��� ��� ��� x

z

(a) velocity field

����

���� ����� � ����
z

vx

(b) vx(z)

�����

�����

�����

����

� � � � 	
Q

z0

(c) z0 at vx(z0) = 0

Fig. 6. The flow velocity field at the onset of stationary con-
vection is shown in part (a) for the parameters ψ = 10−4 and
Q = 10. Part (b) depicts the variation of the velocity compo-
nent vx(z) for the same parameters as a function of the ver-
tical coordinate z and part (c) shows the shift of the position
z0 where the horizontal velocity vanishes, i.e. vx(z0) = 0, as a
function of Q.

4 Conclusions

The onset of thermal convection in a colloidal suspen-
sion was investigated in terms of a generalized continuum
model for binary-fluid mixtures going beyond the common
Boussinesq approximation by taking into account a linear
dependency of the viscosity on the local concentration of
colloidal particles.

Spatial changes of the concentration of colloidal par-
ticles in the convection cell are induced by temperature
variations via the Soret effect similar to that in molecular
binary-fluid mixtures. The influence of the particle con-
centration on the viscosity is described by a dimensionless
viscosity parameter Q, introduced in this work. For finite
values of Q the threshold is reduced compared to the limit
Q = 0, for both the stationary bifurcation for ψ > 0 and
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the oscillatory Hopf bifurcation for ψ < 0. This reduction
depends essentially on the induced viscosity contrast η̃ at
the choosen values of Q and ψ. We would like to empha-
size that |RψQ| may not be too large so that the linear
approximation of the concentration variation in eq. (7b)
remains a reasonable assumption.

For both bifurcations the center of the convection rolls
is shifted slightly away from the center of the convection
cell: For ψ > 0 the convection rolls are shifted below and
for ψ < 0 beyond the center of the cell, as the fluid motion
always tends to concentrate in the region of lower viscos-
ity. At the onset of convection the changes of the critical
wave number of the convection rolls as a function of the
dimensionless parameter Q are rather small.

In a previous study on convection for a single-
component fluid in ref. [16] a linear dependence of the vis-
cosity on the temperature was assumed and its influence
on the onset of stationary convection was investigated. As-
suming the same viscosity contrast a similar relative re-
duction in the threshold is obtained as in our model. How-
ever, our model does not only describe a spatial variation
of the material parameters. It describes also a mechanism
leading, via a heterogeneous concentration distribution,
to a spatial dependence of the viscosity. This interrela-
tion between concentration and viscosity variations may
be of relevance to related phenomena in geophysical con-
texts. Additionally, the further degree of freedom in our
model, introduced by the concentration dynamics, pro-
vides a richer bifurcation scenario and we can investigate
the effects of a spatially varying viscosity on a stationary
as well as on a Hopf bifurcation.

In this work the viscosity η̂0 of the solvent of the col-
loidal particles was assumed to be constant. A natural
extension of the present model would be to take also into
account the effects of a temperature-dependent viscosity of
the carrier fluid. In the range of larger values of ψ > 0 with
small temperature differences at the threshold, this effect
may be small. However, in the range of small and negative
values of ψ this effect may play a role and one may then
have a spatially varying mobility of the colloidal parti-
cles corresponding to a temperature and spatially depen-
dent Lewis number. A temperature-dependent Lewis num-
ber is also expected for thermosensitive microgel suspen-
sions [42,43] in which core-shell colloids change their size
as a function of the temperature and their mobility as well
as the viscosity of the suspension. This combined effect on
the viscosity as well as the effects of nonlinear variations
of the particle concentration will be discussed elsewhere.

The vertical viscosity variation, caused by a temper-
ature gradient and leading to spatially dependent viscos-
ity, breaks the up-down symmetry in the convection cell.
Therefore the interesting question arises: In which param-
eter range are hexagonal patterns favored for this binary-
fluid model in the weakly nonlinear regime?

Stimulating discussions with F. H. Busse, M. Evonuk, G.
Freund, W. Köhler, W. Pesch, I. Rehberg, and W. Schöpf are
appreciated. This work has been supported by the German
science foundation through the research unit FOR 608.
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27. W. Schöpf, W. Zimmermann, Phys. Rev. E 47, 1739

(1993).
28. R. Cerbino, A. Vailati, M. Giglio, Phys. Rev. E 66, 055301

(2002).
29. R. Cerbino, S. Mazzoni, A. Vailati, M. Giglio, Phys. Rev.

Lett. 94, 064501 (2005).
30. G. Donzelli, R. Cerbino, A. Vailati, Phys. Rev. Lett. 102,

104503 (2009).
31. B. Huke, H. Pleiner, M. Lücke, Phys. Rev. E 75, 036203
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Siebenbürger, M. Ballauf, New J. Phys. 12, 053003 (2010).



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


